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ABSTRACT. We introduce the concept of Stieltjes integral of an operator-valued function 
with respect to the spectral measure associated with a normal operator. We give sufficient 
conditions for the existence of this integral and find bounds on its norm. The results ob- 
tained are applied to the Sylvester and Riccati operator equations. Assuming that the entry 
C is a normal operator, the spectrum of the entry A is separated from the spectrum of C, 
and D is a bounded operator, we obtain a representation for the strong solution X to the 
Sylvester equation XA — CX = D in the form of an operator Stieltjes integral with respect 
to the spectral measure of C. By using this result we then establish sufficient conditions 
for the existence of a strong solution to the operator Riccati equation YA — CY + YBY = D 
where B is another bounded operator. 



1. Introduction 
In this paper we deal with integrals formally written as 

/ F(z)dE(z) or / dE(z)G(z), (1.1) 
Jn. Jo. 

where Q. is a Borel subset of the complex plane C and £(■) the spectral measure associated 
with a normal operator on a Hilbert space It is assumed that F is an operator-valued 
function on Q. with values in the space of bounded operators from & to another 

Hilbert space io. Similarly, G is assumed to be an operator-valued function mapping Q, 
into 23{f), Clearly, a reasonable definition of integration in ( II. Il l should yield operators 
from A to and from to respectively. 

The integrals of the form ( II. II are of interest in itself. But they also arise in many 
applications, in particular in the study of spectral subspace perturbation problems (see, 
e.g., (D)- Such integrals appear to be a useful tool in the study of the Sylvester and Riccati 
operator equations (see l2ll4l l22ll25l V 

There is an important particular case where F (z) is given by 

F(z) = (p(A,z)T (1.2) 

with (p(C,z) a sufficiently nice scalar function of two complex variables £ and z, A another 
normal operator on S), and T a bounded operator from & to Sj. In this case the integral 
J n F(z)dE(z) can be understood as a double operator Stieltjes integral |7 1. More precisely, 

/ F(z)dE(z) = L [ <p(Z,z)dE(QTdE(z), (1.3) 
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where £(•) is the spectral measure associated with A and £2 = spec (A). Mainly due to the 
works by M. Sh. Birman and M. Z. Solomyak I8ll9l ll0l (see also references cited in j7|) 
there exists already a rather comprehensive theory of the double operator Stieltjes integrals. 

However, this is not the case with more general integrals of the form (II . li . the ones 
that contain operator- valued functions F(z) and G(z) which cannot be written in terms 
of functions of normal operators like in ( II. 2t . To the best of our knowledge, there is a 
well established approach to operator integrals of the type (ll.lt only in the case where 
the spectral measure E(-) is associated with a self-adjoint operator (see (n|3]@]|22), and 
references therein). In particular, in 1 1 1 it was proven that the integrals (ll.lt make sense as 
Riemann-Stieltjes integrals whenever £2 is a finite interval on the real axis and the operator- 
valued functions F and G are Lipschitz on £2. Moreover, in this case the integrals ( II. It exist 
in the sense of the uniform operator topology. Some sufficient conditions for the existence 
of the improper integrals (II. It in the case where the spectral measure £(•) corresponds to 
an unbounded self-adjoint operator are given in [4-1 1221 . 

The present paper is aimed at extending the main concepts and results of the operator 
Stieltjes integration theory to the case where the spectral measure E(-) may correspond 
to an arbitrary normal operator. Actually, we consider the integrals ( II. It in a somewhat 
more general setup, admitting the operator-valued functions F(X,fl) and G(X,ji) of two 
real variables A = Rez and = Imz, i.e. functions that may depend on both z and its 
conjugate I- The integrals dl.lt are introduced in the usual way as limits (if they exist) of 
the corresponding Riemann-Stieltjes integral sums as the norm of a partition approaches 
zero (see Definition ^. 2t . Our main result is as follows (see Theorem l2.5t . 

Assume that £2 is a finite rectangle in C and F(X,n) is a J?(.ft,.?j)-valued Lipschitz 
function defined for A + i/i <E £2, that is, there is a 71 > such that 

||F(A,M) -F(A',m')II < 7i (|A - A'| + d-4) 
whenever A -fi/i s £2 and A' + i/i' € £2. 
If, in addition, for some 72 > the function F satisfies the condition 

\\F(X,ii)-F(X',ii)-F(X,fi')+F(X',ii')\\<y 2 \X-X'\\li-fi'\ (1.5) 
whenever A + i/i G £2 and A' + G £2, 
then the operator Stieltjes integral 

/ F(Rez,lmz)dE(z) (1.6) 
Jo. 

exists in the sense of the uniform operator topology. The same statement also holds (see 
Corollary 12. 7t for an operator Stieltjes integral of the form 

/ dE(z)G(Rez,lmz) (1.7) 
Jn 

whenever G is a valued function on £2 satisfying (II. 4t and (II. 5t . 

This result allows us to extend the concept of an operator Stieltjes integral with respect 
to the spectral measure of a normal operator C to the case where £2 = spec(C), by taking 
into account that only the values of F(X,jj.) and G(X,jj.) for X+ijj. E spec(C) contribute 
to ( II. 6t and ll.7t . respectively. By using this concept we then obtain an integral represen- 
tation for the solution X to the operator Sylvester equation 

XA-CX = D, (1.8) 

where A is a closed densely defined possibly unbounded operator on a Hilbert space S), C a 
possibly unbounded normal operator on a Hilbert space ^, and D S 38{f) , A) . In particular, 
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under the assumption that 

dist(spec(A),spec(C)) >0 (1.9) 

we prove that X £ $3{f)i&) is a unique strong solution to 11.81 if and only if it can be 
represented in the form of the operator Stieltjes integral 

X = [ dE c (z)D(A-z)-\ (1.10) 

Vspec(C) 

which converges in the sense of the strong operator topology (see Theorem l4.5> . So far, 
such a representation was only proven in the case where C is a self-adjoint operator (see 
Theorem 2.14]). 

We apply the results obtained also to the operator Riccati equation 

XA-CX + XBX = D, (1.11) 

where B £ Sj) and the entries A, C, and D satisfy the same assumptions as in (II .81 . If 
X £ SBifi^S) is a strong solution to 11.1 H such that spec(spec(A +fiX r ),spec(C)) > 0, by 
using (11.1 Oi one writes the Riccati equation in the equivalent integral form 

X = f dE c (z)D{A+BX~zT l . (1.12) 

Under the assumption il.9\ and additional "smallness" assumptions upon B and D we 
prove the existence of a solution X £ ^(S) 7 M) to the integral equation il . 12i . This solution 
to 11.121 also solves the Riccati equation II. Ill (see Theorem l5.7> . 
The plan of the paper is as follows. 

In Section|2]we introduce the concept of a Stieltjes integral of an operator-valued func- 
tion with respect the spectral measure of a normal operator and prove the main result 
(Theorem l2.5l l concerning sufficient conditions for the existence of such integrals. We also 
derive a norm estimate (Lemma [2.9> for these integrals. 

In Section [5] we extend the concept 1221 of the norm of a bounded operator with 
respect to a spectral measure to the case where this measure is associated with a normal 
operator. 

In Section we discuss the Sylvester equation Jl .81 . In particular, we prove that any 
weak solution to this equation is also a strong solution. This result allows us to present 
refined versions of the representation theorems |4 Section 2] for the solution X of the 
operator Silvester equation, extending the integral representations for X to the case where 
the entry C in II. 8t is a normal operator. 

Finally, in Section[5]we prove the above mentioned existence result (Theorem l5.7> for 
the Riccati equation 11.1 1> . 

We conclude the introduction with the description of some more notations that are used 
throughout the paper. The identity operator on any Hilbert space & is denoted by /. If T is 
a closed operator on by spec(T) we always denote the spectrum of T. We will also use 
the notation 

a(T) = £ R 2 |A +in £ spec(r)} 

for the natural imbedding of spec(T) into the real plane K 2 . The set 

W(T) = {z£ C| z= (Tx,x) for some x £ Dom(r), ||x|| = 1} 
is called the numerical range of the operator T. 
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2. Integral of an operator- valued function with respect to the 
spectral measure of a normal operator 

Let ^orel(C) denote the algebra of Borel subsets of the complex plane C and let 
{E(£l)}^ e ^ o[el fQ be the spectral family of a (possibly unbounded) normal operator C. 
Recall that E(Q.)'s are orthogonal projections in M. that possess the properties (see, e.g., |6 
§5.1]) 

E(Q.'nQ.")=E(Q!)E(£l") forany £2', £2" S ^ ore l(C), (2.1) 
E(Q.'UQ.")=E(Q!) +E(Cl") whenever £2', £2" G £/ Bore i(C) and £2'n£2" = 0, (2.2) 
and 

E(C) =£(spec(C)) =/. (2.3) 
With the spectral family {E (£1)} Q € ^ orel (C) by 

E(A) =E({z = X+in\(X,n) € AcR 2 }) 
we associate the projection- valued measure 

{ e ( a )}ag. c / Botc1 (r 2 ) 

on the algebra .e?Borei(R 2 ) of Borel subsets of R 2 . Clearly, ( 12. 11 . \2. 21 . and d2.3i are equiv- 
alent to 

E(A'n A") = E(A')E(A") forany A', A" e £/ B orei(K 2 ), 

E(A'UA") = E(A') + E(A") whenever A', A" S ^Borei(R 2 ) and A'nA" = 0, 

and 

E(R 2 ) =E(a(C)) = /, 

respectively. 

In terms of the spectral measures £(•) and E(-), we write the spectral decomposition of 
the normal operator C either as 

C= f zdE(z) = [ zdE{z) 

JC J spec (C) 

or as 

C= ( (l+in)dE(l,n)= I (A+i/i.WE(A,|U). 

7« 2 Ja{C) 

Further, we introduce the projection-valued function E(A, /x) on R 2 by 

E(A,/i) = E({(x,y) G R 2 | jc < A,y < 

In the following the function E(A,/i) is called the spectral function of the normal operator 
C. In contrast to the case of self-adjoint operators the spectral function of a normal operator 
is a function of two real variables. 

Clearly, for A < A' and ji < jj,' the additivity property of a spectral measure implies 

E(A V) = E(A,M) + E((-°° , A) x [ M ,M')) + E([A,A') x (-oo, M )) + E([A,A') x 
and hence 

E(A,ju) < E(A', J u / ) if A < A' and jx < ji' , (2.4) 

that is, E(A,ju) is a non-decreasing function in both variables A and ji. 
One also observes that if A < A' and n < ji' then 

E(A' ) M / )-E(A' ) M)-E(A,A t , ) + E(A,M)=£([A,A')x[ At ,M')) (2-5) 



OPERATOR STIELTJES INTEGRALS WITH RESPECT TO A SPECTRAL MEASURE 



5 



and thus 



E(A' )A t) - E(A,m) < E(A',m') - E(A,m') (2 6) 

for any £ K such that /I < /i' and any A, A' G M such that A < A'. 



We remark that (12. 4> implies 

||E(A',ju');c|| < ||E(A,jU)x|| for any £ whenever X' < X and /i' < /i . (2.7) 
Indeed 

II E(A, ju)jc|| 2 = (E(A,/i)x,E(A,/i)x) = (E(A,ju)*,*) 

and 

||E(A',ai')x|| 2 = (E(A',/i>,E(A',M» = (E(A',ji')*,jc). 
Hence (12. 7t is a consequence of 02.41 . 

By using the fact that both right-hand and left-hand sides of i2.6\ are orthogonal pro- 
jections, in a similar way one concludes that 

(E(A',m)-E(A,m))*| < ||(E(A',m')-E(A,m'))^ 
for any x £ A whenever fx < fx' and A < A'. 

For notational setup we adopt the following 

Hypothesis 2.1. Let S) and & be Hilbert spaces, A = [a,b) x [c 7 d) a rectangle in R 2 with 
— °° < a < b < +°° and —°° < c < d < +°°. Let {E(A)} AG ^ Bc / ffi 2) be the spectral family 
associated with a normal operator on 

Definition 2.2. Assume Hypothesis l2.il An operator-valued function 

F : 

is said to be uniformly (resp. strongly, weakly) integrable from the right with respect the 
spectral measure dE(X , fl) on A if the limit 



(2.8) 



/ 



F(X,ii)dE(X,n)= lim ££^»a)E(5Hxa)W) (2.9) 

. max 5: +max av ' ^0 /= 1 >t= 1 

exists in the uniform (resp. strong, weak) operator topology. Here, 5. = [A/_i,A/), 

j = 1, 2, . . . ,m, and = [/i,t- i , jUjO> = 1, 2, . . . ,n, where a = Ao < Ai < ... <X m =b and 
c = /io < Mi < ■ ■ ■ < M« = are partitions of the intervals [a,b) and [c,d), respectively; £ 
5 • and G 5^ are arbitrarily chosen points, 1 5^ | = A/ — A/_ i and | (O^ | = /i* — flk- 1 ■ 
The limit value ( 12. 91 , if it exists, is called the right Stieltjes integral of the operator-valued 
function F with respect to the measure dE(X,jJ.) on A. 
Similarly, a function 

G : A^>^(S),Si) 

is said to be uniformly (resp. strongly, weakly) integrable from the left with respect to the 
measure dE(X,jJ.) on A, if the limit 



/ 



dE(X,n)G(k,n)= lim LlE(Sf J x< J )G(§ y ,&) (2.10) 

max 55 ' +max fl), ^0 /=1A-=1 
A j=\ ' J 1 k=l k 

exists in the uniform (resp. strong, weak) operator topology. The corresponding limit value 
( 12. 101 . if it exists, is called the left Stieltjes integral of the operator-valued function G with 
respect to the measure dE(X,jj.) on A. 
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The following statement can be considered an extension of 1221 Lemma 10.5] to the 
case of the spectral measure associated with a normal operator. 

Lemma 2.3. Assume Fhvothesis Xl. 71 Then an operator-valued function F(A,jtt), 

F : A^3§(R,fi), 

is integrable in the weak {uniform) operator topology with respect to the measure dE{X,jx) 
on the rectangle A from the left if and only if the function [F(A,jtt)]* is integrable in the 
weak (uniform) operator topology with respect to the measure dE(X , jtt) on A from the right 
and then 



L 



F(X,H)dE(X,n) 

A 



= / dE(X,ii)[F(X,fi)}*. (2.11) 



Proof. Like in the proof of Lemma 10.5 in |22|, the assertion is proven by taking into 
account the continuity property of the involution T — > T* with respect to operator uniform 
and operator weak convergence in ^(K,Sj). It suffices to apply this property to the integral 
sums in d2~9l and Ool . □ 

Remark 2.4. Since the involution T — > T* is not continuous with respect to the strong 
convergence (see, e.g., (6| §2.5]), the convergence of one of the integrals ( 12.1 1> in the 
strong operator topology in general only implies the convergence of the other one in the 
weak operator topology. 

Some sufficient conditions for the integrability of an operator-valued function F(A,ju) 
with respect to the spectral measure of a normal operator are described in the following 
statement. 



Theorem 2.5. Assume Hvnothesis \2.1\ Suppose that for some 7i > the operator-valued 
function F : A — » fj) satisfies the Lipschitz condition 

||F(A )M ) -F(AV)|| < n (|A- A'l + |m -n'\) (2.12) 

and for some 72 > the condition 

\\F{X,ii) -F(A',/i) ~F(X,n') +F(A V)ll < 72 |A- A'|| M - ju'l (2-13) 

for any A, A' £ [a,b] and [1,/J.' £ [c,d). 

Then the function F is right-integrable on A with respect to the spectral measure c/E(A,/x) 
in the sense of the uniform operator topology. 

Proof. Let {5j m ' > }" ! =1 and {03^}\ =i be partitions of the intervals [a,b) and [c,d), respec- 
tively, and let A^ 1 '"' = 8^ x cojf' , j = 1,2,.. . ,w, k=l,2,...,n. Assume that {(^j, C, k ) e 

Af k "\ j=\,2,.. . ,m, k= 1,2,.. . ,„} and g[) e A^ n) , 7= 1,2,.. .,m, fe= 1,2,. ...n} 
are two sets of points. 

First, we prove that the limit \2.9\ (if it exists) does not depend on the choice of the 
points 50 within the partition rectangles Aj£' n '. 
Let 

/-v- = f f^.WA^) (2.14) 

j=lk=l 



and 



4,„=n^a)E(Ajr ) )- 

;'=!*=! 
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Observe that 



E(A J n) ) = E(Xj,fi k ) - E(A y _i, At*) - E(A ;! At fe - 1 ) + E(A y _i, (2-15) 
and hence 

^-^ = II([%&)-f(5j,fi)] 

;=u=i 

x [E(Ay,/Xfc) - E(\j-i,n k ) - E(Ay,/jft_i) + E(A,-_i,At*-i)] . 

Represent the difference 7 m , n — J' mn as the sum of two terms that are more convenient for 
estimating 

Jm.n —J m ,n = ^1 +^2j (2-16) 

where 

m n 

i 1 = EI([^,«-f(^ 1 )] 

;=U=l 



[E(Ay, M*) - E(A,- 1 , M*) - E(Ay, ^_ i ) + E(Ay_ i , jUjt-i)] 



and 



^=££([F(^a)-^j,a)] (2-i7) 

;=U=i 

x [E(Ay,/i*) - E(Ay_i,Mt) - E(kj,n k -x) + E(Ay_i,M*-i)]- 
By inspection one verifies that 

Li=Si+S 2 + S 3 , (2.18) 



where 



Si = £ [F(? j ,C l )-F(,Sj,Z 1 )] \E(Xj,iM))-E(Xj-i,Ho)], 



S 2 = £[n^,Cn)-^j,Q] [E(A ; -,Ai n )-E(A ; -_,,Ai n )], 



and 



m 7!— 1 

S 3 =£I St) - ^j, &) - a+i) C*+i)] 

X ^(Ay^^-ECAy-i,^)]- 
Clearly, for any x € ^ by the Lipschitz property J2.12> 

II-MI < 7i I |5j m) |||(E(A ; -, Al o)- E(A ; -_,,/xo))x|| 

.7=1 

and hence 

M<7i f I|5} m) | 2 J f £<(E(Ay,Mo)-E(A y _i,/io)Mj 

/ '" fWA 1 ' 2 A ///P/, s P/ \"\ \\ 1//2 



< 7i (max|5j m) |J (<(E>,Mo) - E(a,Mo)> 



S. ALBEVERIO AND A. K. MOTOVILOV 



< Yi max | S) 
\ j=i J 



(m) 



1/2 



E(b,c)-E(a,c) \\x\\ 



(2.19) 



since 



((E(fc,jUo)-E(a,jUo))*,*> = ((E(fe,jUo) -E(a,fi )) 2 x,x) 



( (E(b, jUo) - E(a, ju<)))*, (E(fe, po) - E(a, Ho))) 



(E(b,no)-E(a,no))) 



(2.20) 



and /io = c. 

In a similar way one shows that for any x E & 



\Szx\\<Yi \ ma&\8f 



1/2 



E(b,d)-E(a,d) 



(2.21) 



Finally, by using (12. 1 3I > at the fist step, for any x € & one estimates S^x as follows: 
\\S 3 x\\ <7iL I |5j m) ||0)f | (E(A,,m*)-E(Vi.M*))* 

= 72 E l^'lE |Sj m) | (E(Xj,Hk) - E(Vi,M*))* 
< 72 1 |af| ( L |Sj m) | 2 J ( £ ((E(Ay, W ) - E(Vi,M*)MJ 



7=1 



1/2 



-1 



< 7 2 (c/-c) max|5) mj | V^-a max ( ((E(b,Hk) ~ E(a,/i*))*, 



/t=i 



1/2 



< 



/ \ 1/2 ^ ! 

Yi\/b — a(d — c) I max 1 5- |) max||E(Z>,^) — E(a,Hk)\ 

V / =1 / k=i 



W4 



by applying d2.20l > (with /io replaced by /x^) at the last step. Obviously, by ( 12. 6> for any 
&= 1,2, ...,n— 1 

E(i,/Xjt) - E(a,/jft) < E(b,n n )- E(a,Hn) = E(b,d) - E[a,d) 
and we arrive at the following final estimate for S3: 



\\S-},x\\ < Y2vb^a{d — c) (max|5 



J 



1/2 



\E(b,d)-E(a,d)\\\\4 



Combining ( 12. 1 81 . ( 12. 191 . ( 12. 2li , and 12.221 one concludes that for any x £ R 



\\L lX \\ <Mi (max|Sf 
V 7=1 



1/2 



Vfe — fl||jc||, 



(2.22) 



(2.23) 



where 

il#i = yi||E(6,c)-E(fl,c)|| + (7i + )s(£/-c))||E(6,£0-EM)||. 
In a similar way one proves that an analogous estimate holds for the term L2 given by 



\\Lax\\ <M 2 (ma 



, max \(0> 

\k=l k 



1/2 



Vd- 



(2.24) 
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where 

M 2 = Yi\\E(a,d)- E(a,c)\\ + (y l + y l (b-a))\\E(b,d)-E(b,c)\\. 
Combining (12.1611 . ( I2.23> . and (I2.24> proves that if the sum in d2.9t converges strongly 
(resp. weakly, in the operator norm topology) for some choice of the numbers {£; £ 

5- and S }>=i> men ^ converges strongly (resp. weakly, in the operator 

norm topology) to the same limit for any other choice of these numbers, in particular this 
takes place for the choice where 



7-1' 



j=l,2,...,m, and C/fc = M 



7-1' 



1,2,. 



(2.25) 



It remains to prove that the double sequence of the operators /„,.„ given by 12. 141 has a 
limit as to — > oo, n — * °° max 1 5 ■ | — > 0, and max | | — > 0. 

;=1 7 i:=l 

Assume that there are two different partitions of the interval [a, b) containing m and m > 
to subintervals, respectively, and two different partitions of the interval [c,d) containing n 
and n > n subintervals, respectively Further, assume, without loss of generality, that all 
the points of the m-partition of the interval [a,b) are the points of the ;?i-partition of [a,b) 
and all the points of the n-partition of the interval [c,d) are the points of the n-partition 
of [c, d). Denote by Xj S , s = 0,1,... ,pj, the points of the ;?i-partition of [a,b) that belong 
to the interval [A ; -_i, Xj\ and by ju^, t = 0,1,.. .,qk, the points of the n-partition of [c, d) 
belonging to the interval [jUfc_i, jU^]. By definition of partition subintervals we have 



Xj-\ — Xjfi < Xj t \ < . 



<X jtPj =Xj, j = 1,2,..., to, 
<Hk,q k =Vk, fc=l,2,...,n. 



(2.26) 
(2.27) 



In the following we assume that one chooses the points §y, §j and %j )S , C^ t like in (I2.25> 
and thus 



:££F(V 1)M .-l)E(A' 

;=U=1 



lll.il j 

jk 



and 



where 



Bv (127151 



m n Pj <ik 

lEILFfe-i'^-OElAg), 

j=\k=\s=\t=\ 



j,s*,t 



Ihs- 



l' A 7> 



(2.28) 



(2.29) 



and 



■' rr 



7=1 *=1 

E(A/ , /ifc) - E(A,-_ i , /ifc) - E(A,, jUfe-i ) + E(A ; _ i , Mfc-i) 



m n Pj <ik 
;=U=ls=lf=l 



x E(X j>s ,fi k ,t) - E(A ;> _i,^,) - E(A ; - i ,,^ jf _i) + E(A J> _i,^ jf _i) 
Taking into account J2.26i and J2.27I one verifies by inspection that 



IK 7 ', 

7=U=1 



-(2) 



(2.30) 



(2.31) 



(2.32) 
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where 



T jk= E [Ffe,M l ,o)"F(Vi,ft,o)] 



s=l 



Pj- 



E(Xj,n k ) - E(hj, s ,Hk) - E(A/,^-i) + E(A J>; Mfe-i) 



9t — 1 

r i 2) = E [^(^,o,M^)-^(A y -,o,M^-i)] 



E (^j,Pj>Pk,q k ) ~ E(hjfl,Hk,i) k ) - E{hj,pj,Vk,t) + E{hjfi,Hk,t) 



Ik 



-1 



and 



r=l 



P;- 1 9*-l 



E [ F (V i - ) - Vi . m^- i ) 



T jk )= E E [F&j*,^)-Hlj*-u^)-Hlj*,tfy-i)+Hlj*-uHv-i)] 



5=1 f=l 

X 



E(A 7 -,rtfc) - E(A 7> ,Mfc) - E(A y -,jUfc,«) + E;A M .u u ; 
One also notes that 

1 

k=\ s=l 

- [ F (kj, s ,!M))-F(Xjj-u!M))] E(A / , J Uo)-E(A 7 -,, J Uo) 



(2.33) 



L T jk - E {^(A.-^Mn-O-^-bMn-i)] [E(A y -,M«)-E(A ;> ,M„) 



n-1 

+ E [ F (^M>M*-l) --P(Ay>-l,Mfc-l) -^(Ay>,Wfc) 
k=l 



\(Xj,n k )-E{Xj 



(2.34) 



and 



.7=1 



E 4 = E [f&n-i.WM) -F(A m _i,M*, f -i)] E(A m ,Ai/c) - E(X m ,Hi c ,t) 
• t=i ( 



- [F(Xo,Pkj)-F(Xo,Hks-i)] E(Xo,n k )-E(Xo,n^) 



n-l 



+ E [F(Xj-i,Hk,t) - F(Xj-uHk,t-i) - F(Xj,Hk.t) + F(Xj,Hk,t-i] 



:(A ; -,Mfe)-E(A y -,M^)]}- 
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By J2.12t and ( I2.13l l the equality J2.34I implies that for any 



Pj 



-l 



L T jk x <L\Yi\h'-hs-i\ (E(A ; -,Ai n )-E(A,,,M«))x 



k=\ 



+ 7l l^-Ay^il (E(Ay,/io) - t{X jtS ,Ho))x 



n-l 



E |A/,.v - kjj-i\ \co [ k "' | (E(A/,/i*) - E(l hs ,Hk))x 

k=\ 



and thus 



£ T^x leq Y i \ 8j' n ^ | max || (E(A/,d) - E^A/^d)); 



7i|5j m) |n^ax (E(A y ,c) - E(A y> c)); 
J i=i 



72 |<5j m) | (J - c)| max max (E(Ay,^) - E^,/**))* 



since fiQ = c, jj,„ = d, 

Pj- 1 



E |A;,i - A/,,._l| - Aj )Pj ._j - A^_l < lj - kj-\ - \8j 



(m). 



1=1 



n-l 



and £ | to^" | < d — c. Obviously 



k=\ 



(E(l h n)-E(l Ls ,n))x < (£(kj,n)-E(Xj- lt ii))x 



since 



(E(Xj,H)-E{Xj, s ,n))x =(E([l jtS ,lj) x (-ao,n))x,x) 

< (E([A;_1,A;) X (-00,/i))jC,Jc) 

= (E(A;,M)-E(A ; -_i, J u))x 
Then by using J2.36l > and d2.8i one infers from J2.35i that 



E r , 



i=l 



< [2 7 i + Yi(d - c)] 1 8 { j m) | (E(A if d) - E(A,-_ u d)): 



Therefore 

m n 



LLTjk* <[2*+fe(d-c)]£|5H (E(A ; -,d)-E(V 1; J))x 

7=1 i=l ;=1 



<[27i + 72(^-c)]^I|5] 
<[27 1 + 7 2 (^- c )] (max|<5j n 



Ml 2 



1/2 



1/2 



(2.35) 



for any jj.eE. (2.36) 



E (E(A^,J)-E(Ay_i,</))j 
v/=i 

/ \ V2 

El*j 

v/=i 



1/2 



(m) 



1/2 



E(E(A/,d)-E(Ay_i,d)^,jf) 
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/ \ 1/2 

<[2yi+Yi{d-c)] fmax|5] m) |J Vb^a ((E(b,d) - E(a,d)x,x) 



1/2 



/ \ 1/2 

<[2yi + Ji(d - c)] fmax|5) m) |J Vb^a~ \\E{b,d) - E(a,d)\\ \\x\\ 



(2.37) 



It is proven analogously that 



and then 



7=1 



(2), 



jk " 



<[2yi +Y2{b-a)]\(0^\ (E(b,H k ) - E(b,H k -i))x 



j=l k=l 



jk 



\ k=l 



1/2 



<[2Yi+Yi(b-a)] (maxlffl^l ) Vd~^ \\E{b,d) -E(b,c)\\\\x\\ 



(2.38) 



It only remains to find an estimate for the contribution to the difference H.321 from the 
from d2J3l that 



terms Tj? given by J2.33b . By using identity d2.5l > and taking into account (12. 1 31 it follows 



1 jk x 



< 72 E E l^>-^>-il \Vk,t - Hk,t-i\ ||E([A 7> ,A / ) x [^, r ,^))x|| 

i=l r=l 

<72 I E lA^-A^^HM^-M^-illlE^xfflfWI 
i=i r=i 

< 72 \hpj-i - Vil lM*«-i — J"jfc-i I l|E(<Sj' n) x ffl£°)*|| 

< 72 |5] m) | |a)l n) |||E(5] m) x = 72 |«)"°| |a)«|||E(A^>|| . 



(2.39) 



Hence 

m n 



EL$>, <EE 



i=\k=\ 



j=\k=\ 



l jk X 



<72 EEl^j 



m )|2 I M \ n ) 1 2 



1/2 / \ 1/2 



CO, 



VJ=U=1 



ee 11 E(A;r ) >" 2 

V ;=U=1 

\ 1/2 
Ml 2 \ 



1/2 



Ml 2 



1/2 



1/2 



EE( E ( A ;r>^ 



v /=n-=i 



< 72 [ max |5y m ' | max \(O k 

V 7=1 1 k=\ I 



1/2 



< 72 max|SnmaxK n, | yJ(b-a)(d-c)\\E(A)\\ \\x\\ . (2.40) 

\j=i 1 k=l ) 

Now combining (12.321 . J2.37i . J2.38i . and J2.40I one concludes that the integral sum J2.28i 
converges as m — > n — * °°, max|5"'| — * 0, and maxl©^ — > to a linear operator of 

The convergence takes place with respect to the uniform operator topology. 
The proof is complete. □ 
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Remark 2.6. It is an open problem whether or not the sufficient conditions (12. 121 . ( 12. 131 
for a function F : A — * to be right-integrable on A with respect to the spectral 

measure dE(X,fl) in the sense of the uniform operator topology are optimal. We also 
notice that even in the case where the spectral family {£'(•)} is associated with a self- 
adjoint operator, a similar problem remains unsolved. More precisely, it is known that if 
an operator-valued function is Lipschitz on a finite interval in M then it is integrable on this 
interval in the sense of the uniform operator topology with respect to the spectral measure 
of any self-adjoint operator (see JT| Lemma 7.2 and Remark 7.3]). But, to the best of our 
knowledge, it is still unknown whether the requirement for the function to be Lipschitz is 
optimal. 

Corollary 2.7. Assume that for some J\ , 72 > an operator-valued function G : A — > 
satisfies conditions ( 12. 12i and J2. 131 . Then G is left-integrable on A with respect 
to the spectral measure dE{X 1 jX) in the sense of the uniform operator topology. 

Proof. The statement is an immediate consequence of Theorem l2.5l bv applying Lemma 

□ 



Remark 2.8. If the integral J2. 10ft exists, its range (as that of an operator of lies 
in£ A = Ran(E(A)). 

The next lemma gives a norm estimate for the integral of an operator-valued function 
with respect to the spectral measure of a normal operator. 

Lemma 2.9. Under the hypothesis ofTheorem \2.5\ the integral ( 12.^ satisfies the following 
norm estimate 

F(X,n)dE(X,n) < 4 sup ||F(A,M)|| 

+ 2^ (b-a + d-c) + Yi(b-a){d-c)]. (2.41) 

Proof. Assume that a — Xq < X\ < . . . < X m = b and c = fio < fi\ < . . . < fi n = b. Let 
= [Xj- 1, Xj), j = 1,2, . . . ,m, and = 1 , jll^), k = 1,2, ... ,re, be the correspond- 
ing partitions of the intervals [a,b) and [c,d). Also let A^™'"' = sj^ x . Observe that 
the integral sum 



Jm,n - L ^(V^OE^r') (2-42) 

reads 



j=\k=i 



Jm.n = L E F (V 1 ' Mt- 1 ) , jU*:) ~ E(A;_ 1 , /Xjfc) - E(Xj, ft-l) + E(Ay_ i , n k - 1 )] . 

;=U=1 

By regrouping the terms and taking into account that Xq = a, X m = b, /Xo = c, and jJ.„ = d 
one then verifies that 

J m>n =51+52 + 53+54, (2.43) 

where 

Si =F(X m -i,^-i)E{b,d)-F(a,^-i)E{a,d)-F(X m -uc)E(b,c)+F(a,c)E(a,c), 
S 2=L\ [ F (^j-i^n-i)-F(Xj,ll n -i)]E(Xj,d)-[F(Xj-i,c)-F(Xj,c)]E(Xj,c)\, 



14 



S. ALBEVERIO AND A. K. MOTOVILOV 



"-1 ( - 

5 3 = E 1 [ f (Vi,tt-i)-f(Vi,ft)]E(^tt)- [F(fl,ft_i)-f(fl, J tt l )]E(a,ju t ) , 
k=\ L 



and 



i— 1 n— 1 



We have 
and hence 



|E(A,jll)|| < 1 for any X,fie 



Si<4 sup \\F(X,n)\\. 

(A,/i)eA 



(2.44) 



(2.45) 



By hypothesis the operator-valued function F satisfies estimates J2. 12b and (12. 1 3i . Taking 
into account (12.441 . this implies 



m— 1 



5 2 <27i E \X j -i-kj\<2j l {b-a), 

n-l 

53 <27i E IWfc-i-Atl <27i(<i-c), 



(2.46) 
(2.47) 



<r=l 



and 



'7—1 fl— 1 



&t <7> E E l^-i-^il^Jk-i-Wfcl < Yi{b-a){d-c) 

j=l k=\ 



(2.48) 



Combining J2.43i and J2.45I — d2.48i and passing in ( I2.42l > to the limit as max|5- 

.7=1 1 



max ft), 

k=\ K 



one arrives at inequality 112.4 It which completes the proof. 



□ 



Now let £2 — {z G C | a < Rez < b,c < Imz < d} be a rectangle in C with finite a, b, c, 
andc/. Assume thatF : £2 — > and G : £2 — > =5^(j5,.ft) are such that the corresponding 

functions F (A + iju) and G (A of real variables A G [a, ft) and G [c,d) areresp. right- 
and left-integrable with the spectral measure dE(X,ji) over the rectangle A = [a,b) x [c,d) 
in R 2 . In this case we set 



F{z)dE{z) 



F(X+in)dE(X,n), 



[ dE(z)G(z)= f dE(X,fi)G(X+ifi) 

JQ. JA 



(2.49) 
(2.50) 



where dE(z) stands for the spectral measure of the same normal operator as the measure 
dE(X,ji) but on the complex plane. 

Let F : £2 -> and G : £2 -> are such that the F(A+ijll) and G(A +iju), 

(A,/i) € A, satisfy on A conditions J2. 12b and (12. 1 3i . Then the integrals J2.49l > and J2.50i 
exist by Theorem l2.5l and Corollary 12. 71 respectively. Clearly, by J2.9i and J2. 10b only the 
values of F and G on the support of the measure dE(X,fi) contribute to these integrals. 
Assuming that dE(z) (or, equivalently, dE(X,fl)) is the spectral measure associated with a 
normal operator C, by 

(2.51) 



F{z)dE{z) = / F(z)dE(z), 



spec(C)n£2 
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J dE(z)G(z) = J dE(z)G(z) (2.52) 

spec(C)n£2 

we define the corresponding integrals of F and G over the part of the spectrum of C lying 
in il. 

In particular, if a function F : spec(C) — > (resp. G : spec(C) — + 23{?i,&)) 

defined (only) on the spectrum of C admits an extension F (resp. G) to the whole rectangle 
£2 in such a way that conditions 12.121 and 12.131 hold for F (A +ijtt) (resp. for G(A +ijtt)), 
(A,ju) G A, we set 

y F{z)dE{z) = y F(z)dE(z), (2.53) 
spec(c)nn 

/ dE{z)G{z) = y dE{z)G{z). (2.54) 

spec(C)n£2 

Clearly, the results in 12.531 and i2.54i do not depend on the choice of the extensions F(z) 
and G(z) (provided that F(A + ijll) and G(A + ijll) satisfy d2~T2l and j2~T3l ). 
Finally, the improper weak, strong, or uniform integrals 

b d b d 

j f F(X,fi)dE(X,n) and J J dE(X,n)G(X,n) (2.55) 

a c a c 

with infinite lower and/or upper bounds (a = — °° and/or = +°° and c = — °° and/or c/ = 
+°°) are understood as the limits, if they exist, of the integrals over finite intervals in the 
corresponding topologies. For example, 

b d 

dE(X,n)G(X,n)= lim / [ dE{X,n)G{X,n) . 

a I -°o. b T oo J J 
- 00 - 00 el-~, d^oo a c 

If dE(z) (or, equivalently, rfE(A,ju)) is the spectral measure associated with a normal 
operator C, we set 



F{z)dE{z) = J I F(X+in)dE(X,n), 

spec(C) — oo— oo 

y dE(z)G(z) = J J dE(X , jJ.) G(X + ijj.) , 

spec(C) — oo— oo 

assuming that F : spec(C) — > and G : spec(C) — > ^(^,^) admit extensions F 

and G from spec(C) to the whole complex plane C 2 in such a way that F(A +ifl) and 
G(A +ijtt) satisfy conditions (12. 121 . (12. 1 31 as functions of the variables X,fl G M. 
We conclude this section with the the following natural result. 

Lemma 2.10. Let f) and & be HUbert spaces. Assume that C is a (possibly unbounded) 
normal operator on & and dE{z) is the spectral measure associated with C. Let Q. = {z G 
C | a < Rez < b,c < Imz < d} with finite a, b, c, and d. Assume in addition that G(z) is a 
&(Sj,M) -valued function holomorphic on an open circle in C containing the closure £2 of 



16 



S. ALBEVERIO AND A. K. MOTOVILOV 



the rectangle fl Then 



and 



Ran / dE(z)G(z) C Dom(C) 



dE(z)(zG(z))=C / dE(z)G(z 



(2.56) 



(2.57) 

Proof. Inclusion J2.56l > is proven by Remark l2~8l taking into account definition J2.50I of 
the right-side integral of an operator-valued function with the measure dE(z). 

By hypothesis the functions G(z) and zG(z) are analytic on Q.. Hence, written in terms 
of the variables A = Rez S [a,b), ji = Imz S [c,d), they automatically satisfy conditions 
(12.121 and (12. 1 3i . Then by Theorem (12.51 both integrals 

dE(z)G(z) and J dE(z)(zG(z)) 

exist in the sense of the uniform operator topology. 

Assume that the open circle mentioned in hypothesis is centered at the point zo and its 
radius equals r. Denote this circle by C r (zo) and write the Taylor formula 



G(z) = £ G k (z-z ) k +R n (z), zeC r (zo), 



(2.58) 



k=Q 



GW(zo) 

where G^ — and R„(z) is the remainder term. Since the function G(z) is holo- 

k\ 

morphic on C r (zo) and the set Q. is a compact contained in C,-(zo), the remainder R„ (z) and 
its derivatives converge to zero as n — > °° and the convergence is uniform with respect to 
z G i2. In particular, this implies that 



sup |5„(A,Ai)| — >0, 



sup max 

1+iHSQ. 



dS„(X,ll) 



dS n {X,jx) 



dpi 



and 



sup max 



d 2 S n (X,n) 



dX 2 



d 2 S„(X,n) 



dpi 7 



d 2 S„(X,n) 



dXdp 



A). 



(2.59) 
(2.60) 

(2.61) 



where 

S n {X 1 ii)=zR„(z) = (X+iii)R n (X+iiJ,), Xe [a,b),fie [c,d) 
From J2.60I and (I2.6H it follows that there is sequence of y n > 0, n = 0, 1, 2, . 

7„ — > as « — > oo 

and 

||S n (A,M)-5 n (A',M')ll<7»(^-^i + lM-MU 
||S n (A,M)-S n (A',M)-5 n (A,M')+-S„(A',M')ll<7»l^-A'llM-M'l 
for any A, A' e [a,b) and € [c,d). 

By combining Corollarv l2.7l and Lemma l2~9l it follows from ( I2.59> . J2.62I and ( I2.63> that 



such that 
(2.62) 



(2.63) 



In 



dE(z)zR„(z) 



>0. 



(2.64) 



OPERATOR STIELTJES INTEGRALS WITH RESPECT TO A SPECTRAL MEASURE 



17 



By a similar reasoning one also infers that 

|| f dE(z)R n (z)\\^0 
"Jn "n->°° 

and hence 



C / dE(z)R n (z) 
n 



(C£(£2)) J dE(z)R n (z 



(2.65) 



since the product CE(Ci) is a bounded operator. 
By J2.58l > we have 



JjE{z)(zG{z) = £ ^z(z-zo) k dE(z^j G k + J^dE (z)zR n (z) , 



which implies 



/ dE(z)(zG(z) = YC(C-z Q ) k E(Q.)G k + f dE(z)zR„(z) 
Jn k = Jn 

= C L (f {z-zo) k dE(z))G k + [ dE(z)zR n (z), 



(2.66) 



by taking into account that Ran£'(i2) C Dom(C') for any I = 1,2, . . .. On the other hand 
by 12.581 it follows that 

C [ dE(z)G(z)=ct ( [ (z-zo) k dE(z)) G k + C [ dE(z)R„(z). 
Jn j~~ \Jn J Jn 

Comparing this equality with J2.66l > yields 

/ dE{z)(zG(z)-C I dE(z)G(z) = I dE(z)zR n (z)-C f dE(z)R„(z), 
Jn Jn Jn Jn 

which by J2.64i and J2.65i completes the proof. □ 



3. Norm of an operator with respect to the spectral measure 

The paper 1 22 1 introduced the concept of the norm of a bounded operator with respect 
the spectral measure of a self-adjoint operator. This concept turned out to be a useful tool 
in the study of the operator Sylvester and Riccati equations (see [4| for details). The goal 
of the present section is to extend the above concept to the case where the spectral measure 
is associated with a normal operator. 

Definition 3.1. Let Y E , K) be a bounded operator from a Hilbert space to a Hilbert 
space ^ and let {E(Q.)}q £j ^ b j£) be the spectral family of a (possibly unbounded) normal 
operator on K. Introduce 



1/2 



|F|| £ = snp^\\Y*E(Cl k )Y\ 
\{o*} * 



(3.1) 



where the supremum is taken over finite (or countable) systems of mutually disjoint Borel 
subsets Q. k of the complex plane C, Q. k n £1/ = 0, if k ^ I. The number \\Y\\e is called the 
norm of the operator Y with respect to the spectral measure dE(z) or simply E'-norm of Y . 
ForZ e &(St,fi) theE-norm ||Z|| £ is defined by \\Z\\ E = ||Z*|| £ . 
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One easily verifies that if the norm ||F||£ is finite then 

\\Y\\<\\Y\\e. 

If, in addition, Y is a Hilbert-Schmidt operator, then 

\\Y\\e<\\Y\\ 2 , Y€& 2 {S),&), 



(3.2) 



where || • H2 denotes the (Hilbert-Schmidt) norm on the ideal 38i{$r$,8) of Hilbert-Schmidt 
operators from ft to R. 

The following statement is an extension of |22 Lemma 10.7]. 

Lemma 3.2. Assume that C is a normal operator on the Hilbert space K. Let an operator- 
valued function F : spec(C) — > S8(fi) be bounded 

\\F\\„ = sup ||F(z)||<oo, 

zGspec(C) 

and admit a bounded extension as a function of X = Rez and \l = Imzfrom <j(C) to the 
whole plane R 2 which satisfies conditions \2.\2\ and \2.\2>\ . If the E-norm \\Y\\e of an 
operator Y € with respect to the spectral measure dE(z) on C associated with C 

is finite, then the integrals 

dE{z)YF{z) and j F{z)Y*dE{z) 

spec(C) spec(C) 

exist in the uniform operator topology. Moreover, the following bounds hold 



dE(z)YF{z) 



spec(C) 



F{z)Y*dE{z) 



spec(C) 



<\\Y\ 



< Y 



(33) 



(3.4) 



Proof. The proof is given for the case of the integral in (13.31 . 

For the extension of the function F{X +iju) from the set o(C) to M. 2 we will use the 
notation F(A,ju), X,/J. el. 

Let [a,b) C R and [c,d) C R be finite intervals, — °° < a < b < °°, — °° < c < d < 00, 

and let | Sj"^ j and | coj^ j be partitions of [a.b) and [c, d), respectively. If x 



CO 



n ct(C) 7^ choose ^ G Sy and ^ e 0^" J in such a way that %j + i£ k e spec(C), 
that is, £ a(C). If (<5j m) x a)| n) ) n a(C) = let ^ and & be arbitrary points of 

the intervals 5- and Ci)^ , respectively. Then taking into account that 

E(Sj m) x £»| n) )E(5i m) x co, (w) ) = if ./V * or jfc ^ f, 
for any x € i5 one obtains 



(£ £ E(5<"> x flftr^. £ £ E(Sj m) x 0)/"Vfe, 

J = U=1 5=1 <=1 
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;=u=i 

= < £ [F(^,&)]»y»E(5W x co^)YF{^ k )x,x). 



Hence 



LlE(5j m) X0)f)yF(^,a)x 

;=u=i 



< sup ||F(^C)|| 
(?,f)e<r(C) 

< irtimii ami 2 , 



j,k: (^,5fc)€ff(C)nA 



|r E(5) mj x 



where A = [a,&) x [c,d) and 



1/2 



|F|| £ , A = sup£||rE(A,)F| 
\{* k } k 



(3.5) 



(3.6) 



In d3.6i the supremum is taken over finite (or countable) systems of Borel subsets A* of the 
rectangle A such that A* n A/ = 0, if k ^ I. Obviously, 

||r|kA < (3.7) 

(3.8) 



and 



lim \\y\\ e , a = \\y\\ e . 

a I — oo, b | °° 

C | -oo, £/ t oo 

By hypothesis the function F(X,jx) satisfies the assumptions of Theorem l2.5l and hence 
by Corollary 12.71 it is right-integrable on the rectangle A with respect to the measure 
dE(X,jx). From Q.5> it follows that 



J dE(X,n)YF(X,n) 



<\\F\U\Y\ 



Thus (13.81 implies that 



dE(X,fi)YF(X,n) 



E.A- 







(3.9) 



a',b')x[c'.d') 

as a 1 — > oo or fe' — > — oo (for b' > a') and/or c' — > oo or a!' — > — oo (for of' > c'), 



which together with ( 13.91 proves the existence of the limit 



J dE(X,n)YF(X,n) 

it 2 



n-lim 

a I — oo, b | oo 
c 4 — oo, d 1 oo 



dE(X,n)YF{X,n) 



[a,b)x[e,d) 



and hence the convergence of the integral / dE{z)Y F(z) in the sense of the oper- 

spec(C) 



ator norm topology as well as the bound J3.3I >. Then the convergence of the integral 
J F(z)Y* dE(z) with respect to the operator norm topology and the norm estimate 

s pec(C ) 

J3.4> are proven by applying Lemma l2~3l 
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The proof is complete. □ 

4. Sylvester Equation 

Assuming that the entry C in the operator Sylvester equation (II .81 is a normal operator, 
the principal goal of this section is to introduce a Stieltjes integral representation for the 
solution X in terms of the spectral measure associated with C. 

We begin with recalling the concepts of weak, strong, and operator solutions to the 
operator Sylvester equations. 

Definition 4.1. Let A and C be densely defined possibly unbounded closed operators on 
Hilbert spaces Sj and ^, respectively. A bounded operator X 6 is said to be a 

weak solution of the Sylvester equation 

XA-CX = D, D (4.1) 

if 

(XAf,g) - (Xf,C*g) = (Df,g) for all / e Dom(A) and g S Dom(C*). (4.2) 

A bounded operator X e 8$($),9i) is said to be a strong solution of the Sylvester equation 
dp if 

Ran(Z| Dom(A) ) c Dom(C), (4.3) 

and 

XAf - CXf = Df for all / e Dom(A) . (4.4) 

Finally, a bounded operator X 6 is said to be an operator solution of the Sylvester 

equation (14. 1 1 if 

Ran(X) C Dom(C), 
the operator XA is bounded on Dom(XA) = Dom(A), and the equality 

XA-CX=D (4.5) 

holds as an operator equality, where XA denotes the closure of XA. 

Along with the Sylvester equation ( 14. 1 i we also introduce the dual equation 

YC* -A*Y =D\ (4.6) 

for which the notion of weak, strong, and operator solutions is defined in a way analogous 
to that in Dennitionl4~T1 

Clearly, if X S &(R,Sj) is an operator solution of the Sylvester equation ( 14. 1> . it is 
also a strong solution to ( 14. 1> . In its turn, any strong solution is also a weak solution. In 
fact, one does not need to distinguish between weak and strong solutions to the Sylvester 
equation 04. 1> since any weak solution to this equation is in fact a strong solution. 

Lemma 4.2. Let A and C be densely defined possibly unbounded closed operators on the 
Hilbert spaces and respectively. IfX € is a weak solution of the Sylvester 

equation ( 14. 1 i then X is a strong solution of ( 14.1 \ , too. 

Proof. Given / £ Dom(A), introduce a linear functional if with Dom([y) = Dom(C) by 

i f (g) = (C*g,Xf) = (g,XAf) - (g,Df), g e Dom(C*). 
Clearly, for any / 6 Dom(A) the functional [f is bounded, 

|[/Cs)|H<C**,X/}|<c/||*||, geDom(C*), 
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where c/ = ||XA/|| + The functional If is also densely defined since Dom([y) = 

Dom(C*) is dense in & as domain of adjoint of a closed densely defined operator. Thus, 
Xf £ Dom((C*)*) = Dom(C) which implies that £3} holds and 

(g,XAf - CXf -Df)=0 for all g G ft. 

Hence (14.41 also holds, completing the proof. □ 

It is easy to see that if one of the equations (I4.lt or (14. 6t has a weak (and hence strong) 
solution then so does the other one. 

Lemma 4.3. An operator X £ is a weak (and hence strong) solution to the 

Sylvester equation ( I4.lt if and only if the operator Y = —X* is a weak (and hence strong) 
solution to the dual Sylvester equation (14. 6t . 

Proof. The assertion is proven by combining Lemma l4.2l with El Lemma 2.41. □ 

It is well known that if the spectra of the operators A and C are disjoint and one of them 
is a bounded operator then the Sylvester equation XA — CX = D has a unique solution. 
This was first proven by by M. Krein in 1948. Later, the same result was independently 
obtained by Y. Daleckii 11 II and M. Rosenblum |28 1. The precise statement is as follows. 

Lemma 4.4. Let A be a possibly unbounded densely defined closed operator in the Hilbert 
space ft and C a bounded operator on the Hilbert space & such that 

spec (A) n spec(C) = 

and D £ £§($),&), Then the Sylvester equation ( I4.lt has a unique operator solution 

X = ^-J^dC(C~Q- l D(A-Q-\ (4.7) 

where T is a union of closed contours in the complex plane with total winding number 
around every point o/spec(A) and total winding number 1 around every point o/spec(C). 
Moreover, 

||x||<(2^)- 1 |r|sup||(c-cr 1 ||||(A-C)- 1 lll| J D||, 

where \Y\ denotes the length of the contour Y. 

A relatively recent review of results on the Sylvester operator equation d4.lt with both 
bounded entries A and C and applications of them to various problems can be found in . 

If A and C are unbounded densely defined closed operators, even with separated spectra, 
then the Sylvester equation ( I4.lt may not have bounded solutions at all (a corresponding 
example can be found in |27|). Nevertheless, under some additional assumptions equation 
d4.lt is still solvable. A review of known sufficient conditions for solvability of d4.lt in 
the case where both A and C are allowed to be unbounded operators can be found in j4j 
Section 2]. 

Now we prove the main result of this section: if either A or C is normal, then a strong 
solution to the Sylvester equation, if it exists, can be represented in the form of an operator 
Stieltjes integral. The corresponding representation replaces the formula d4.7t where the 
contour integration might be impossible to perform in case of an unbounded operator C. 

Theorem 4.5. Let A be a possibly unbounded densely defined closed operator on the 
Hilbert space 9j and C a normal operator on the Hilbert space & with the spectral family 
{£'c(^)}nG.c/ Borel (C)- Let D £ and suppose that A andC have disjoint spectra, i.e., 



distfspec (A),spec(C)) >0. 



(4.8) 
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Then the following statements are valid: 

(i) Assume that the Sylvester equation ( I4.lt has a strong solution X S 3§(Sj,^.). Then 
X is a unique strong solution to ( I4.lt and it can be represented in the form of the 
Stieltjes integral 

X=f dE c (QD(A-Q-\ (4.9) 

Vspec(C) 

which converges in the sense of the strong operator topology in &(Sj,M). 

Conversely, if the Stieltjes integral i4.9l exists in the sense of the strong opera- 
tor topology, then X given by i4.9i is a strong solution to ( I4.lt . 

(ii) Assume that the dual Sylvester equation 

YC*-A*Y = D* (4.10) 

has a strong solution Y £ Then Y is a unique strong solution to ( I4.10t 

and it can be represented in the form of the Stieltjes operator integral 

Y = -[ (A*-Q- l D*E c ,(dQ (4.11) 

that exists in the sense of the strong operator topology in 3${8.,fr)). 

Proof, (i) Set A = [a,b) x [c,d) where [a,b) and [c,d) are finite real intervals. Let {8j} 
be a finite system of mutually disjoint intervals such that [a,b) = U;5; and {co^} another 
finite system of mutually disjoint intervals such that [c,d) = U^fSfe. Further, introduce the 
partition rectangles Aj k = 8j x (o k . Forthe pairs j,k such that Aj k r\o(C) ^ pick C,\. k € C 
such that the point (Re , Im £a - k )6t 2 belongs to the intersection Ay* n ff(C). Applying 
to both sides of (14.41 the spectral projection Ec(Ai#), a short computation yields 

E c (A jk )XAf- £ Afi E c (A jk )Xf = E c (Aj k )Df+Ec(A jk )(C-Uj k )Xf (4.12) 

for any / e Dom(A). Since (Re^\. k: Jm^. k ) £ Aj k C\o{C), by d4.8i one concludes that 
£a s belongs to the resolvent set of the operator A. Hence, ( I4.12t implies 

E c (A jk )X = E c (A jk )D(A - Ca^ 1 + (C- ^ jk )E c {A ]k )X{A - (4.13) 

Using J4. 1 31 one obtains 

£ Ec(Aj, k )X= £ E c (A m )D(A-Ca,J- 1 

j,k:Aj, k na(C)^0 j,k:A jtk no(C)^0 

+ E (C-CA,,,)E c (A M )X(A-C A;i r 1 . (4.14) 

j,k:A jk na(C)^0 

The left hand side of ( I4.14t can be computed explicitly: 

£ Ec(Aj k )X=Ec{Ano(C))X=Ec(A)X = Ec(Q.)X, (4.15) 

A jk n a(C)^0 

where 

il = {CeC|a<ReC<£, c<ImC<£/} (4.16) 

is the imbedding of the rectangle A into the complex plane C. Below we will also write the 
set £2 in the form 

£2 = [a,b) x i[c,d). 
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The first term on the right-hand side of (14. 141 is the integral sum for the Stieltjes integral 
( 14. 9> . More precisely, since (A — Q -1 is analytic in a complex neighborhood of i2n 
spec(C), by Theorem l2.5l and definitions I2.52L J2.54i one infers 

"^m £ E c (A m )D(A-Ca,,)- 1 (4.17) 

dEciODiA-Q- 1 - 

spec(c)nn 

By the same reasoning for the last term on the right-hand side of J4. 14i we have 

"; lim h n E (c-^^W-^r 1 

max(|5 y | + | ffli .|)-O^ :A ^ na(c) _, 



C dE c (QX(A~Q- 1 - dE c (QCX(A~Q- 1 . (4.18) 

Jspec(c)nn Jspec(c)nn 



By using Lemma B.lOl one easily proves that the right-hand side of (14 . 1 81 is zero, that is, 
"; lim , „ E (C-^ m )Ec(A m )X(A-(a ^-'=0. (4.19) 

Passing to the limit max(|5y| + |fi)fe|) — > in J4. 14l >. by combining J4. 15i . ( I4.17> . and 
J4. 19i one concludes that for any finite rectangle Q. of the form ( I4.16> 

E C (D.)X= J dE c (QD(A-Q-K (4.20) 
spec(c)nn 

Since 

s-lim Ec([a,b) x i[c,d))X =X, 

a,c — > — oo 

(14.201 implies (14. 9> . which, in particular, proves the uniqueness of a strong solution to the 
Riccati equation (14. II . 

In order to prove the converse statement of (/), assume that the Stieltjes integral on 
the right-hand side of ( I4.20l > converges in the strong operator topology as a.c — > — °° and 
b,d — > +°° in (14. 16i . Denote the resulting integral by X. Then, (14.201 holds for any finite 
rectangle Q. of the form ( 14.161 1. This implies that for any / S Dom(A) we have 

cE c (a)xf-E c (a)xAf 

dE c (QD(A-Q-\;-A)f 

spec(C)nO 

dE c (QDf = -E c (£l)Df. 

spec(C)nO 

CE c (£l)Xf = E c (£l)XAf - E c (£l)Df 

= Ec(0)(XAf-Df) (4.21) 
for any /GDom(A). 



Hence, 



24 



S. ALBEVERIO AND A. K. MOTOVILOV 



In particular, (14.211 implies that CEq {Q)Xf with Q. given by J4. 161 converges to XAf — Df 
as a,c -> -oo and b,d -> +°o. Since ,/ spec(c)nn £dE c (QXf = CE c {Q)Xf, from d4~2H it 
also follows that 

/ |C| 2 </(£ C (0XW) = sup ||£ c (£2)(W-^/)|| 2 = \\XAf-Df\\ 2 < °o, 
spec(c)nn 

where & stands for the set of all rectangles in C of the form J4. 16l >. Hence, 

XfeDom(C). (4.22) 

Then ( 14. 211 can be rewritten as 

E c {Q)CXf = E c {Q){XAf - Df) for any Q. G 5 s . (4.23) 
Combining ( I4.22l > and ( I4.23> proves that X is a strong solution to the Sylvester equation 

ED- 

(if) Assume that the dual Sylvester equation J4.6I > has a strong solution Y G t2§(M,S}). 
As in the proof of (/), choose a finite rectangle AcK 2 such that An cr(C*) ^ 0. Since 
E c * (A)£ C Dom(C*), we have TE C * (A)/ G Dom(A*) for any f e Rby the definition of a 
strong solution. Take a point £a G spec(C*) such that (Re^AT m CA) G A. It follows from 
(I4.8t that £ A ^ spec(A*). As in the proof of (/), it is easy to verify that 

FEc*(A)/ = -(A* - C A )- l D*E ct (A)f- (A* - ^^(C* - Ca)E c *(A)/, (4.24) 

which holds for any / G .ft. 

Next, let [a,b) be a finite interval and {5,} a finite system of mutually disjoint intervals 
such that [a,b) = U ; -5y. Similarly, let {»<;} be a finite system of mutually disjoint intervals 
partitioning a finite interval [c,d), i.e., U^Cty = [c,d). Set A,-£ = Sj x (0^. For j,k such that 
Ajjc n <7 (C* ) 7^ pick a point £ A . k G spec (C* ) such that (Re £ A t , Im £ Aj J G A ;> Using 
(14.241 one then finds that 



YEc«([a,b)x[c,d))f = - £ (A*-CA J ,r l D*E c *(A lk )f 

j,t Aj k n spec(C* )jt0 

£ (a* - c A; ,r 'r (c* - Ca,je c * (a m )/. 

j,k: Ai^n spec(C* 



(4.25) 

Equality ( I4.19> implies 

n-lim ^ (A*-CA ;i r 1 i'(C*-CA ;t )E c ,(A M )=0. (4.26) 

max(|5 / | + | % |)^O 7 . i:Vnspec(e)/0 

Thus, passing in ( 14.251 to the limit as max(|5 ; | + |fi)fe|) — * one infers that 



/ 



(A*~Q- 1 D*dE c ,(Qf = YE c ,([a,b) x [c,d))/, (4.27) 

spec (C) HO 

where i2 is given by ( 14.161 1. Since for any / G & 

lim YEc*([a,b)x[c,d))f = Y, 



a.c — » — a 



one concludes that the integral on the right-hand side of ( 14.271 converges as a,c — ► — °° 
and /?, c/ — * +°° in the strong operator topology and thus ( 14.1 U holds, which gives a unique 
strong solution to the dual Sylvester equation ( 14. 10t . 
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In order to prove the converse statement of (ii), assume that there exists the strong 
operator limit 

Y= s-lim f (A* - Q~ l D*dE c *{Q 1 Y g 3§(M,Sj). (4.28) 

M^+~ spec(C*)n([a,fe)xi[t,J)) 

Then for any finite a, b, c, and d such that a < b and c < d we have 

YEc*([a,b)xi[c,d))=- j (A*-Q- l D*dE c *(Q. (4.29) 

spec(C*)n([a,fo)xi[c,£/)) 

By ( 14. 8t any point ^ g spec(C*) belongs to the resolvent set of the operator A and, hence, 
to the one of A* . Picking such a | g spec(C*), the operator ( 14.291 1 can be split into two 
parts 

F£c*([a,fc) x [c,</)) = Ji(a,b,c,d) +J 2 (a,b,c,d), (4.30) 

where 

h{a,b,c,d) = -(A* - £) -1 D*£c*([fl,&) x (4.31) 
7 2 ( fl ,/7, C , fl ')-+(A*-^)- 1 | (^-C)(A*-C)- 1 J D*^(0- (432) 

spec(C*)n([a,6)xi[c,d)) 

Using the functional calculus for the normal operator C* one obtains 

/ \ 



J 2 {a,b,c,d)f = -(A*-%) 



-l 



J (A* — Q~ l D*dE c *(Q 

\spec(C*)n([a,6)xi[c,d)) 

for any / g Dom(C*). 
Thus, for / g Dom(C*) one concludes that 

Yf= lim YEc*([a,b)xi[c,d))f 



(C*-£)/ 



a, c - 

b, d^+°o 

lim Ji(a,b,c,d)f + lim J2{a,b,c,d)f 

a,c ^ — °o fl.c^— oo 



That is, 



= -(A*-§)-\D*/ 
-(A*-^- 1 | (A*-Q- l D*dE c ,-iQ | (C*-|)/ 

\spec(C*) 

y/=-(A*-4)- 1 D7+(A*-4)- 1 T(C*-4)/, /gDom(C*), (4.33) 



spec(C* 



(a* -0-^*^(0 



i-lim 



/ 



(A*-Q- L D*dE c *(0=Y (4.34) 

M-»-H» spec(C*)n([a,A)xi[c,f/)) 

by ( 14.281 1. It follows from 14.331 that F/ g Dom(A*) for any / g Dom(C*) and, thus, 

Ran(F| Dom(e) ) cDom(A*). (4.35) 
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Applying A* — % to both sides of the resulting equality ( I4.33> one infers that Y is a strong 
solution to the dual Sylvester equation ( 14.1 Ot . which completes the proof. □ 

Remark 4.6. Under the hypothesis of Theorem l4.5l the integral ( 14. 9i converges in the sense 
of the strong operator topology if and only if so does the integral ( 14. III . This can be seen 
by combining Theorem l4.5l with Lemma l431 The operators X and Y given by the integrals 
(14. 9\ and ( 14.1 1> (if they exist in the sense of the strong operator topology) are related to 
each other by Y = -X* 

Lemma 4.7. Assume that the hypothesis of Theorem 14.51 holds. If at least one of the 
integrals d4.9l and ( 14. 1H converges in the sense of the weak operator topology then both 
of them converge also in the sense of the strong operator topology. 

Proof. Suppose that the integral ( 14. 9\ converges in the sense of the weak operator topology. 
Let 

X a = J dE c (QD(A~Q-\ 

spec(C)nO 

where £1 = [a,b) x i[c,d) is a finite rectangle in C. By the same reasoning as in the proof 
of equality ( 14. 2l\ one obtains 

X n Af-CX n f = E c {n)Df for any / G Dom(A), (4.36) 

taking into account that Ran (Xq) C Ran(£c(£i)) by Remark l2~8l and hence XqJ € Dom(C). 
From (I4.36i it follows that 

(XnAf,g) - (X n f,C*g) = (E c (£l)Df,g) (4.37) 

for all / € Dom(A) and g € Dom(C* ) . 

Passing in ( I4.37> to the limit as a,c — ► — °° and b,d — > +°° yields that X given by the 
(improper) weak integral J4.9I is a weak solution to the Sylvester equation (14. 1> since by 
the assumption w-limXa — X and since s-limEc(£l) = I. Then by Lemma l4~2l the operator 
X is a strong solution to J4-. 1 1 and hence Theorem l4.5l (if) implies that the integral d4.9t 
converges in the sense of the strong operator topology. By Remark l4~6l one concludes that 
so does the integral (14. 1 li . 

Under the assumption that the integral ( 14. Ill converges in the sense of the weak opera- 
tor, the assertion is proven in a similar way. □ 

The next statement concerns sufficient conditions for the existence of a strong (and even 
operator) solution to the Sylvester equation. The statement is an extension of [4 Lemma 
2.18]. 

Lemma 4.8. Assume hypothesis ofTheorem H.5\ Suppose that the condition 

sup || (A -Q- 1 1| <oo (4.38) 

J 6 spec(C) 

holds and the operator D has a finite Ec-norm, that is, 

\\D\\ Ec < oo. (4.39) 

Then equations ( I4.lt and J4.6i have unique strong solutions X £ 3§(Jf? ,J(T) given by \4.9\ 
and Y £ 3$(J^ ,J{?) given by ( 14. Ill , respectively. Moreover, Y — —X* and the Stieltjes 
integrals ( 14.91 1 and ( 14.1 H exist in the sense of the uniform operator topology. 
Assume, in addition, that 

sup ||C(A-C) _1 || <oo. (4.40) 

f Gspec(C) 
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Then 

Ran(X) cDom(C), (4.41) 

Ran(T) C Dom(A*), (4.42) 
and thus X and Z appear to be operator solutions to (14. II and ( 14. 6t . respectively. 

We skip the proof since it almost literally repeats the proof of Lemma 2.18 in |4|. The 
only difference is in extending the Stieltjes integration in the corresponding formulas from 
the real axis to the complex plane. 

Remark 4.9. Assume that 

5 = dist(#'(A),spec(C)) > 0, 

where W(A) denotes the numerical range of A. Then by HI 41 Lemma V.6. 1] it follows from 
( l4~9l and B39l that 

\\X\\e c < \ \\D\\ Ec , (4.43) 
Remark 4.10. If A is normal, then by (14. % it immediately follows from ( I4.39t that 

\\X\\ Ec < - d \\D\\ Eci (4.44) 

where d = dist (spec (A ) , spec (C) ) . In this case one can also represent the operator X in the 
form of a double Stieltjes operator integral (7), 

X= f [ dE c {Q-^-dE A {z). 

Jspec(C) Jspec(A) Z — t. 

If D G J? 2 (£,£) then by Theorem 1] the operator X is also Hilbert-Schmidt and the 
following estimate holds 

l|x||2<i||0|| 2s 

which is sharp in the class of Hilbert-Schmidt operators. 

5. RlCC ATI EQUATION 

There are at least three approaches that allow to tackle the Riccati equations involving 
operators on infinite-dimensional Hilbert spaces. The first of these approaches, going back 
to C. Davis 1 12 1 and Halmos 1 15 1, is based on a deep connection between theory of Riccati 
equations and results on variation of invariant subspaces of an operator under perturbation. 
We refer to the recent publication 1 17 1 discussing this purely geometric approach and its 
present status in great detail. Here we only mention that such an approach is essentially 
restricted to the operator Riccati equations associated with self-adjoint block operator ma- 
trices, that is, to the case of il.lli with A = A*, C = C* , and D = B* . Notice that the 
sharp norm estimates for variation of spectral subspaces under a perturbation obtained in 
fT3l [19 26 1 imply the corresponding sharp norm estimates for solutions of the associated 
Riccati equations. 

The other approach is based on the factorization theorems for holomorphic operator- 
valued functions proven by Markus and Matsaev |21 1 and by Virozub and Matsaev |29|. 
Several existence results for operator Riccati equations have been obtained within this 
approach (see 1 1 8 23 1 ) including an existence result 1 20 1 for the case where the entries A 
and C are allowed to be non-self-adjoint operators. 

The third approach |4]|22||24| (see also |2| and 1 16 1) is closely related to the integral 
representation ( 14. % for the solution of the operator Sylvester equation in the form of an 
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operator integral. Using this representation allows one to rewrite the Riccati equation in the 
form of an equivalent integral equation that admits an application of Banach's Fixed Point 
Principle. So far, only the Riccati equations II. Ill with at least one of the entries A and 
C being a self-adjoint operator were studied within such an approach. In this section we 
derive consequences of the integral representation 14. 9t that work for more general Riccati 
equations 11.1 1> . where one of the entries A and C is merely a normal operator. 

First, we recall the concepts of weak, strong, and operator solutions to the operator 
Riccati equations. 

Definition 5.1. Assume that A and C are possibly unbounded densely defined closed oper- 
ators on the Hilbert spaces Sj and .ft, respectively. Let B and D be bounded operators from 
^ to Sj and from f) to .ft, respectively. 

A bounded operator X S .ft) is said to be a weak solution of the Riccati equation 

XA-CX + XBX = D (5.1) 

if 

(XAf,g) - (Xf,C*g) + (XBXf,g) = (Df,g) 

for all / S Dom(A) and g <G Dom(C). 
A bounded operator X S S%{?j,&) is called a strong solution of the Riccati equation 
ED if 

Ran(X| Dom(A) ) cDom(C), (5.2) 

and 

XAf-CXf + XBXf = Df for all /eDom(A). (5.3) 
Finally, X 6 is said to be an operator solution of the Riccati equation 15. 1> if 

Ran(X) C Dom(C), 
the operator XA is bounded on Dom(XA) = Dom(A), and equality 

XA-CX+XBX =D (5.4) 
holds as an operator equality, where XA denotes the closure of XA. 

Along with the Riccati equation ( 15 . II we also introduce the dual equation 

YC* — A*Y + YB*Y = D* . (5.5) 
The following assertion is a corollary of Lemma l4~2l 

Lemma 5.2. Let A and C be densely defined possibly unbounded closed operators on the 
Hilbert spaces and respectively. IfX£ is a weak solution of the Riccati 

equation 15. \\ then X is also a strong solution of 15. \\ . 

Proof. The assumption that X is a weak solution to the Riccati equation 15. 1> implies that 
X is a weak solution to the Sylvester equation 

XA-CX=D, (5.6) 

where 

A=A+BX with Dom(A) = Dom(A) (5.7) 

is a closed densely defined operator on f). Hence by Lemma l4~2l the operator X is also a 
strong solution to (15. 6> . that is, Ran(X| Dom ^) C Dom(C) and 

XAf-CXf = Df for all /eDom(A). 
Taking into account (15. 7> . one then concludes that X is a strong solution to 15. 1> . □ 
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The next statement is a direct corollary of Lemma l4~3l 

Lemma 5.3. Let A and C be densely defined possibly unbounded closed operators on the 
Hilbert spaces f) and respectively, and B £ 33(&,f)), D £ 3§(f),&). Then X £ 3§(f),K) 
is a weak (and hence strong) solution to the Riccati equation (15. H if and only ifY = —X* 
is a weak ( and hence strong) solution to the dual Riccati equation d5 .51 . 



Throughout the remaining part of the section we assume the following hypothesis. 

Hypothesis 5.4. Assume that f) and & are Hilbert spaces, A is a possibly unbounded 
densely defined closed operator on f) and C a normal operator on & Also assume that 
B £ @(&,f)) andD£ 3§(f),^). 

The representation theorems of Sec. @]for solutions of the Sylvester equation provide us 
with iteration schemes allowing one to prove solvability of the Riccati equations by using 
fixed point theorems. 

Theorem 5.5. Assume H\pothesis \5A\ Then the following statements hold, 
(i) Assume, in addition to Hvnothesis \5A\ that 

dist(spec(A +BX),spec(C)) > 0. (5.8) 

Then X £ 38(f), 5$) is a weak (and hence strong) solution to the Riccati equation 
( I5.lt if and only ifX is a solution of the equation 



X= dE c (QD(A+BX-Q-\ (5.9) 

J spec(C) 

where the operator Stieltjes integral exists in the sense of the weak ( and hence 
strong) operator topology in 3§(f),&). 
(ii) Assume, in addition to Hvnothesis \5.4\ thatY £ 3§(&,f)) and 

dist(spec(A*-TB*),spec(C*)) > 0. (5.10) 

Then the operator Y is a weak (and hence strong) solution to the dual Riccati 
equation d5.5l > if and only ifY satisfies the equation 

Y = -[ {A*-YB*-Q- l D*dEc*(0, (5.11) 

where the operator Stieltjes integral exists in the sense of the weak ( and hence 
strong) operator topology. 

Proof, (z) The operator X is a weak (and hence strong) solution to (15 - 1 1 if and only if X is 
a weak (and hence strong) solution to the equation 

XA-CX=D, 

where 

A=A+BX. 

Applying Theorem l4.5l (i) and Lemma RTTl comDletes the proof of (/). 

(ii) The operator Y is a weak (and hence strong) solution to ( 15 .51 if and only if Y is a 
weak (and hence strong) solution to the equation 

YC — AY = D* , 

where 

A=A-YB*. 

Applying Theorem l4.5l (ii) and Lemma l47l completes the proof of (ii). 

The proof is complete. □ 
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The following statement is a direct corollary of Lemma l4~8l 



Theorem 5.6. Assume Hypothesis 15.41 and let D have a finite norm with respect to the 
spectral measure of the normal operator C, that is, 

||Z)|| £c <oo. (5.12) 

Assume, in addition, that a bounded operator X from $j to & is a weak solution of the 
Riccati equation ( 15. 11 such that 

dist(spec(A+BX),spec(C)) > 0, (5.13) 

and that the condition 

sup \\{A+BX-Q- l \\ <oc (5.14) 

f Gspec(C) 

holds. 

Then X is a strong solution to (15 . 11 and the operator Y = —X* is a strong solution to 
the dual Riccati equation J5.5I . 

The strong solutions X and Y admit the representations 

X= f dE c (QD(A + BX-Q-\ (5.15) 

J spec (C) 

Y = -f (A-YB*-Q- l D*dE a -(Q, (5.16) 

J spec (C) 

where the operator Stieltjes integrals exist in the sense of the uniform operator topology. 
Hence, the operators X and Y have finite Ec-norm and the following bound holds true 

\\Y\\e c = \\X\\e c <\\D\\ Ec sup \\(A+BX-Q- l \\. (5.17) 

£espec(C) 

If, in this case, instead of ( 15. 141 the following condition holds 

sup \\C(A+BX-Q- l \\ <oo, (5.18) 

f Gspec(C) 

then 

Ran(X) C Dom(C), Ran(F) C Dom(A*) 

and, hence, the strong solutions X and Y appear to be operator solutions to the Riccati 
equations ( I5.lt and (15. 5t . respectively. 

In the case where the spectrum of the normal operator C is separated from the numerical 
range W(A) of the operator A we are able to prove the existence of a fixed point for the 
mapping ( 15.91 . provided that the operators B and D satisfy certain "smallness" assump- 
tions. If, in addition, A is also a normal operator, we prove the existence of such a fixed 
point under weaker assumptions. 



Theorem 5.7. Under HvDothesis \5A\ assume that B ^ and either 

(/) £ / = dist(^ / (A),spec(C)) >0 (5.19) 

or 

(ii) A is a normal operator on 9j and 

d = dist(spec(A),spec(C)) > 0. (5.20) 
Also assume that the operator D has a finite Ec-norm and 

d 
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Then the Riccati equation ( 15. H has a unique strong solution in the ball 

{*e | \\X\\ < \\B\\- l {d-^/\\B\\\\D\\ E( ?jY (5.22) 

Moreover, the strong solution X has a finite Ec-norm that satisfies the bound 



In particular, for 



l|xik<l|L (^-Vt- ||b|II|d||£c )- (5 ' 23) 



\B\\<^ and ||B|| + ||D|| Ec <d (5.24) 



or ^ 

\\B\\ > d - [and \\D\\ Ec < -^—A (5.25) 

the strong solution X is a strict contraction in both the Ec-norm and uniform operator 
topologies, 

||X||<||X|| £c <l. (5.26) 

Proof. Technically, the proof of the assertion is very similar to that of the second part of 
Theorem 3.6 in |4| and it follows the same line in both cases (i) and (it). Therefore we 
present here only the proof for the case (/). 
Assume the hypothesis with assumption (/). 

We notice, first, that under this assumption the resolvent (A — £)~ 1 for £ € spec(C) is a 
bounded operator since spec(A) C W (A). Moreover, by 1141 Lemma V.6.1] the following 
inequality holds 

ll(A ~ Crl|| -dist(C,#-(A))' 

which d5 . 1 91 yields 

sup \\(A-Q- l \\< 1 -. (5.27) 

?Gspec(C) " 

Given r £ (0, d/ 1 \B \ | ) , denote by 6 r the closed r-neighbourhood of the zero operator in 
&($),&), i.e. tf r = {Ie | |pSC || < r}. Clearly, for any X G G r by (E23 we have 

1 



sup 

f Gspec(C) 



(l+(A-Q~ l BX) 



-fJpioi-ll^-O^llllsillWI 

- TTf (5 - 28) 
d 

Therefore, the inverse operators involved in the identity 

(A+BX-Q- 1 =(l+(A-Q- 1 BX)-\A-Q-\ (5.29) 
C e spec(C), x e e r , 

are well defined. By J5.27> and J5.28i from ( 15.291 1 it follows that 

sup \\(A+BX-Q- l \\< - - , whenever X e @ r - (5.30) 

?Gspec(C) " — \\ B \\ r 

Since ( I5.30> holds and the operator D has a finite Ec-norm, the mapping 

F(X)=( dE c (QD(A+BX-Q-\ (5.31) 

Jspec(C) 
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from 3B{ff) to 3S(g) is well defined on Dom(F) = r - Notice that by Lemma l3~2l the 
operator Stieltjes integral in ( 15 .3 1 i exists even in the sense of the uniform operator topolgy. 

The assumption that X € 6 r implies that the numerical range W(A +BX) of the operator 
A + BX lies in the closed (||B||r)-neighborhood of W(A). Since ||B||r < d and spec(A + 
BX ) C W{A+BX), one then concludes that dist (spec (A+BX), spec (C) ) > d - 1 1 B \ \ r > 0. 
Hence from Theorem l5.5l (/) it follows that any fixed point of the mapping F in the ball 
& r , if it exists, appears to be a strong solution to the Riccati equation 15. 1> . 

Using (I5.30> we obtain the following two estimates 

||F(X)||<||F(Z)|| £c <||D|| £c sup MA+BX-Q-'W 

£ Gspec(C) 

\\D\\e c 



< 



HBllr' 



X£ 



(5.32) 



and 



\\F(X 1 )-F(X 2 )\\ 

<\\F(X 1 )-F(X 2 )\\ Ec 



f dE c (QD {A+BX l -Q- l B(X 2 ~X l )(A+ BX 2 - Q' 

J spec (C) 



I spec(C) 

\\B\\\\D\\ Er „ 

Inequality ( I5.32> implies that F maps the ball r into itself whenever 



\\D\\ 



< r. 



d- \\B\\r 

By d5.33l > it follows that F is a strict contraction on & r if 

wnrnw 



(d-\\B\\ r y 



< i. 



(5.33) 



(5.34) 



(5.35) 



Solving J5.34i and J5.35l > with respect to r simultaneously, one obtains that if the radius of 
the ball ff r is within the bounds 




D\\ E A <r<^{d-^\\B\\\\D\ 



Ec 



(5.36) 



then F is a strictly contracting mapping of the ball & r into itself. Applying Banach's 
Fixed Point Theorem one then infers that equation d5.9l > has a unique solution in any ball 
G r whenever r satisfies J5.36b . Therefore, the fixed point does not depend on the radii 
satisfying (I5.36> and hence it belongs to the smallest of these balls. This observation 
proves the estimate 



(5.37) 




Finally, using (I5.32> . for the fixed point X one obtains the estimate 

l|£|k 



\\X\\e c = \\F(X)\\ Ec < 



\\B\\\\X\ 



(5.38) 
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D 



E c 




Then 15.371 yields 

\\X\\e c < 

S + Vt- 11*11 P%t 

proving d5.23l >. 

Finally, using ( 15. 2H and d5.23l one easily verifies by inspection that any of the assump- 
tions J5.24i and J5.25i implies J5.26I . 

The proof is complete. □ 



Remark 5.8. This theorem extends results obtained in 141 1221 1241 1251 where the opera- 
tors A and C are assumed to be self-adjoint. In case where the self-adjoint operator C 
is bounded, D is a Hilbert-Schmidt operator, B is bounded, and A is possibly unbounded 
densely defined closed non-self-adjoint operator, the solvability of the equation d5 .151 un- 
der condition J5.20l > has also been studied in |2 1. 
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